Abstract − This paper deals with the propagation of current waves along a randomly positioned transmission line. This line is realized as a chain of equal lumped loads arranged stochastically. The properties of such chains, including damping of current waves due to stochastic interference effects and radiation effects, are investigated.
INTRODUCTION
Investigation of the propagation of current and voltage waves along different wiring structures constitutes one of the main groups of problems in electrical engineering. In praxis often electrical parameters in such transmission lines are known only statistically (e.g., cars, aircraft, etc.). This is a particular challenge for researchers.
In a previous paper [1] we investigated stochastic transmission lines which are described by classical Telegrapher's equations for an inhomogeneous line. It was assumed that the coordinate dependence of height of the line is a Gaussian random process which allows obtaining explicit expressions for the geometric coordinate function, as well as for the correlation functions for the capacitance and inductance per-unit length. It follows that the classical TL equations can be reduced to a second order "Schrödinger" equation for an auxiliary function of the current with a real-valued stochastic "potential" [2] . The correlation function of this potential has a sharp peak form, and for a relative long wavelength can be considered as a δ-function. Such equations have been studied very intensively in recent decades. One of such advanced technique to solve them is described, for example, in [3, 4] . The interesting results of this theory are the following: if the region of stochastic non-uniformity is long enough, the line reflects the incident wave with probability one, due to multiple re-reflections of the wave in internal sub-regions of the line. However, for some realizations the amplitude of current waves can essentially increase in some regions in comparison to the average value, but on the whole, the current wave is reflected from the stochastic line. This physical phenomenon is known as a dynamical localization of scattered waves in the randomly layered media [4] .
At the same time, a current wave propagating along an inhomogeneous transmission line radiates which also leads to damping of the wave amplitude. Moreover, in the regions of dynamical localization, the radiation losses (as any other losses) essentially increase. An important issue here is the consideration of the "competition" of the stochastic and radiative decay of the amplitudes of current waves.
The accurate accounting of radiation effects in the frame of previous approach [1] leads to the necessity to use the Full Wave Transmission Line Theory (FWTLT) [5] which gives an exact description of currents and potentials propagating along the line for arbitrary frequencies. To define the corresponding parameter matrix which is generally different from the classical one, effective perturbation theory can be applied giving the connection with the geometry of the wire in explicit form. Again the generalized Telegrapher's equations can be reduced by some differential transformation to a second order "Schrödinger" equation for an auxiliary function of the current [5] . However, in contrast to the lowfrequency case, the corresponding "potential" has an imaginary part which is connected with radiation losses. The corresponding analytical calculations for the stochastic systems are very cumbersome and not completed at this time. Moreover, corresponding numerical calculations (by FWTLT or by direct numerical method, i.e., MoM) do not deliver results in a relative short time for a necessary number of statistical treatments (10 4 - 10 5 ). In this paper, we consider another model of a stochastic transmission line which yields results in a reasonable time. We consider a transmission line with a set of equal but randomly located nonuniformities. As an example, one can consider nonuniform line geometry [2, 5] as well as a load on the line [6, 7] . Reflection and transmission coefficients for current waves for such structures can be obtained analytically or numerically for all frequencies, taking into account radiation during the scattering. These coefficients define the transfer matrix for a single non-uniformity. Assuming that the non-uniformities are arranged not very closely to each other (to exclude the influence of radiation current modes), one can calculate the total transfer-matrix as a product of transfer matrices of propagation along uniform regions of the line with random length and known equal transfer matrices for each scatterer. The total transfer matrix defines the total reflection and transmission coefficients for the entire chain. During the calculation one has to define the scattering matrix for a non-uniformity only once for all series of the statistical treatment (for each frequency). We have obtained lowest statistical moments for the transmission coefficients. It was examined for which parameter values (radius of correlation function, average height of the line, frequency, etc.) the stochastic or radiation attenuation dominated the current waves.
THEORY

Statement of the problem
We consider a long horizontal lossless thin wire above perfectly conducting ground. We assume that the sources are located at the left end of the wire (minus infinity) and that the reflection is absent from the right end of the wire (plus infinity). The central part of the line contains N equal non-uniformities which can be realized as local distortions of geometry as well as lumped loads. It is assumed that the average position of each non-uniformity z
, and they are randomly distributed with normal law and dispersion ( <6L,.i.e., the non-uniformities do not overlap). Thus, the probability distribution function (pdf) for the position of the n th non-uniformity z n is given by:
The scattering of the current wave ) exp( 0 jkz I − at the isolated non-uniformity (located at the point z=0) is described by the asymptotic reflection R and transmission D coefficients:
These coefficients are connected with the Sparameter matrix in the usual electrical engineering sense. For the lossless line one has
For the pure reactive load at high frequencies one has to take into account radiation losses with Rad P :
Our aim is to define reflection and transmission coefficients for the current wave for all set of scatterers and to investigate its statistical properties.
Scattering of current wave by a lumped impedance in an infinite line
As a model of the elementary scatterer we consider the lumped impedance Z . Note that this model also can be used for the description of the line geometric non-uniformities with dimension essentially smaller than the wavelength. The solution of the scattering problem for current waves for such configuration can be easily obtained by spatial Fourier transformation and can be evaluated from the admittance function for the lumped source
The function ) , ( z k Y can be represented as a sum of three kinds of modes: a transmission line mode (TEM), leaky modes and radiation mode [7] . The TEM mode is the solution of the classical TL approximation. This mode propagates along the lossless wire axis without any attenuation. Leaky modes decay exponentially with the distance from the source. The characteristic distance of such decay is h (for the condition 1 < kh ). The radiation mode decays "slowly" as | | / 1 z , but its amplitude (for the condition 1 < kh ) is much smaller than the one associated with the TEM mode. Thus, on the distance h z 2 ≥ the scattered current (5) has form (2) with coefficients
In the low-frequency limit, when 1 << kh , and only TEM mode is important, the reflection coefficient reduces to the well known TL approximation, that is
Transfer matrix formalism.
A more general approach to describe onedimensional scattering is given by the method of transfer matrix (see, for example [2, 5] ). In this method one considers current waves propagating in positive and negative directions with different amplitudes, both, from the left and right sides of the non-uniformity: 
For the free propagation without scattering we also can introduce a transfer matrix from the point 1 z to the point 2 z . In this case the translation reduces to the change of coordinates. This matrix is 
We consider now the propagation through a chain containing N identical non-uniformities with coordinates n z . The total transfer matrix through the chain, with the origin at the beginning of the coordinates, results in
On the other hand, this matrix can be written using the total reflection and transmission coefficients, yielding:
and allows to find the corresponding coefficients from the elements of the transfer matrix.
( )
, for every n, one can calculate the matrix product (13) analytically and obtains for the coefficients [5] (here the beginning of the coordinates is in the center of the structure): 
Numerical simulation
In the following some numerical examples are chosen to demonstrate the application of the method and some physical effects. We will calculate the transmission coefficient for the infinite transmission
) with four equal stochastically arranged loads Z , with average distance 1 = L m (see Fig. 1 ).
Figure 1: Stochastic chain of lumped impedances
Each load contains inductive and resistive parts:
. The frequency dependence of reflection and transmission coefficients for one load is shown in Fig. 2 both, with and without accounting of radiation effects. without accounting of radiation. In the Fig. 3 we represent the average square of the absolute value of the transmission coefficient through the random chain of loads for different values of randomization which are quantitatively characterized by the ratio L / σ . First, we did not take into account the radiation, i.e., the reflection and transmission coefficients are defined by eq. (8b,c). For the deterministic case one can observe the earlier known effect: so named allowed and forbidden frequency zones [2, 5] . For some frequencies the absolute value of the transmission coefficient is about one, but for other frequency intervals it disappears. This effect is wellknown in solid state physics. Randomization of the chain breaks the zone structure and the effect only remains for lowest zones. It is interesting to observe the influence of the radiation effects on the zone structure and its competition with stochastic effects. The result of such calculations is presented in Fig. 4 . Here the reflection and transmission coefficients for one scatterer are defined by eq. (8a,b). One can observe that the radiation effect radically changes the picture of the penetration for the deterministic chain: higher allowed zones become much smaller. However, for the stochastic case qualitatively the curve is the same as for non-radiating approximation (with different amplitude), and the zone structure is retained for several of the lower zones.
In the Fig.5 we present the result of investigation of the dependence of the average square of absolute value of the transmission coefficient on the length of the chain (number of scatterers). The corresponding dependence is exponential (with exponent -3.83*10 -2 ) as predicted by the general theory [3, 4] .
CONCLUSION
In this paper, we present results of the research of penetration of current waves through a stochastic chain of lumped loads for different values of randomization. Stochastic and radiation effects are investigated. In the future we intend to investigate the pdf for the transmission and reflection coefficients for such chains and connect the results with those of the general theory [3, 4] and our previous investigation [1] .
